
❯♥✐✈❡rs✐té ❆❜❞❡❧♠❛❧❡❦ ❊ss❛â❞✐ ❋✐❧✐èr❡s ✿ ❆P✷

❊◆❙❆ ❞✬❆❧✲❍♦❝❡✐♠❛✳ ▼❛t✐èr❡ ✿ ❆♥❛❧②s❡ ♥✉♠ér✐q✉❡

❆✳ ❇❖❯❏❘❆❋ ❆♥♥é❡ ❯♥✐✈❡rs✐t❛✐r❡ ✿ ✶✾✴✷✵✳

❋❡✉✐❧❧❡ ❞❡ ❚❉ n◦3
✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✕

❊①❡r❝✐❝❡ ✶✳

✶✳ ❘és♦✉❞r❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ●❛✉ss ❧❡ s②stè♠❡ ❧✐♥é❛✐r❡ s✉✐✈❛♥t ✿







x1 −3x2 −x3 = 2

−x1 +x2 +2x4 = 3

x2 −x3 = 1

2x1 +x2 −x4 = 0

✷✳ ▲❛ ♠❛tr✐❝❡ ❛ss♦❝✐é❡ ❛✉ s②stè♠❡ ♣ré❝é❞❡♥t ❛❞♠❡t✲❡❧❧❡ ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ LU ❄

✸✳ ❘és♦✉❞r❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ●❛✉ss ❛✈❡❝ str❛té❣✐❡ ❞❡ ♣✐✈♦t❛❣❡ ♣❛rt✐❡❧ ❧❡ s②stè♠❡ ❧✐♥é❛✐r❡ s✉✐✈❛♥t ✿







2x1 +4x2 −4x3 +x4 = 0

3x1 +6x2 +x3 −2x4 = −7

−x1 +x2 +2x3 +3x4 = 4

x1 +x2 −4x3 +x4 = 2

✹✳ ▲❛ ♠❛tr✐❝❡ ❛ss♦❝✐é❡ ❛✉ s②stè♠❡ ♣ré❝é❞❡♥t ❛❞♠❡t✲❡❧❧❡ ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ LU ❄

❊①❡r❝✐❝❡ ✷✳

✶✳ ❘é❛❧✐s❡r ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ LU ❞❡ ❧❛ ♠❛tr✐❝❡

A =







−1 1 −3 0
1 1 3 8
−2 2 −5 −1
3 1 8 13







.

✷✳ ❊♥ ❞é❞✉✐r❡ ❧❛ s♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ❧✐♥é❛✐r❡ Ax = b ❛✈❡❝ b = (0, 2,−1, 5)T ✳

✸✳ ❙❛♥s ❝❛❧❝✉❧❡r A2✱ rés♦✉❞r❡ ❧❡ s②stè♠❡ ❧✐♥é❛✐r❡ A2x = b✳

❊①❡r❝✐❝❡ ✸✳ ❖♥ ♣♦s❡

A =





2 1 3
−4 1 −4
−2 2 4



 .

✶✳ ❉♦♥♥❡r ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ LU ❞❡ ❧❛ ♠❛tr✐❝❡ A ✭✐✳❡✳ A = LU ❛✈❡❝ L tr✐❛♥❣✉❧❛✐r❡ ✐♥❢ér✐❡✉r❡ ❡t U
tr✐❛♥❣✉❧❛✐r❡ s✉♣ér✐❡✉r❡✮✳

✷✳ ❛✳ ❊①♣❧✐q✉❡r ❝♦♠♠❡♥t ♦♥ ♣❡✉t ❝❛❧❝✉❧❡r ❧❡ ❞ét❡r♠✐♥❛♥t ❞✬✉♥❡ ♠❛tr✐❝❡ A ❞✬♦r❞r❡ n à ♣❛rt✐r ❞❡
s❛ ❢❛❝t♦r✐s❛t✐♦♥ LU ✳

❜✳ ❆♣♣❧✐q✉❡r ❝❡tt❡ ♠ét❤♦❞❡ à ❧❛ ♠❛tr✐❝❡ A✳

✸✳ ❊♥ ❞é❞✉✐r❡ ❧❛ s♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ❧✐♥é❛✐r❡ Ax = b ♦ù b = (0, 1, 2)T ✳

✶



✹✳ ❙♦✐t B = UTALT ✳ ❙❛♥s ❝❛❧❝✉❧s s✉♣♣❧é♠❡♥t❛✐r❡s✱ ❞♦♥♥❡r ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ LU ❞❡ ❧❛ ♠❛✲
tr✐❝❡ B✳

❊①❡r❝✐❝❡ ✹✳ ❙♦✐❡♥t ❧❛ ♠❛tr✐❝❡ A ❡t ❧❡ ✈❡❝t❡✉r ❝♦❧♦♥♥❡ b ❞♦♥♥és ♣❛r

A =





16 8 4
8 40 20
4 20 35



 , b =





12
−12
−31



 .

❉ét❡r♠✐♥❡r ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❈❤♦❧❡s❦② ❞❡ A✱ ♣✉✐s rés♦✉❞r❡ ❧❡ s②stè♠❡ ❧✐♥é❛✐r❡ Ax = b✳

❊①❡r❝✐❝❡ ✺✳ ❙♦✐❡♥t

A =







2 1 0 1
4 3 2 4
0 1 5 2
6 3 6 8







, b =







4
12
4
22







.

❘és♦✉❞r❡ ❧❡ s②stè♠❡ ❧✐♥é❛✐r❡ Ax = b à ❧✬❛✐❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ●❛✉ss ❛✈❡❝ str❛té❣✐❡ ❞❡ ♣✐✈♦t❛❣❡ ♣❛rt✐❡❧
❡t ❞ét❡r♠✐♥❡r P ✱ L ❡t U ❧❡s ❢❛❝t❡✉rs ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ PA = LU ✳

❊①❡r❝✐❝❡ ✻✳ ❙♦✐t ❧❡ s②stè♠❡ ❧✐♥é❛✐r❡ Ax = b ♦ù ✿

A =







1 0 − 1
4 − 1

4
0 1 − 1

4 − 1
4

− 1
4 − 1

4 1 0
− 1

4 − 1
4 0 1







, x =







x1

x2

x3

x4







❡t b =







1
2
1
2
1
2
1
2







.

✶✳ ❊❝r✐r❡ ❧❡ s❝❤é♠❛ ✐tér❛t✐❢ ❛ss♦❝✐é à ❧❛ ♠ét❤♦❞❡ ❞❡ ❏❛❝♦❜✐ ♣❡r♠❡tt❛♥t ❞❡ ❞♦♥♥❡r x(k+1) ❡♥
❢♦♥❝t✐♦♥ ❞❡ x(k) ✭❖♥ ♣ré❝✐s❡r❛ ❧❛ ♠❛tr✐❝❡ BJ ❛✐♥s✐ q✉❡ ❧❡ ✈❡❝t❡✉r cJ✮✳ P✉✐s ♠♦♥tr❡r ❞❡ ❞❡✉①
❢❛ç♦♥s ❞✐✛ér❡♥t❡s q✉❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❏❛❝♦❜✐ ❡st ❝♦♥✈❡r❣❡♥t❡ ♣♦✉r ❧❡ s②stè♠❡ Ax = b✳

✷✳ ❊❝r✐r❡ ❧❡s q✉❛tr❡ ♣r❡♠✐èr❡s ✐tér❛t✐♦♥s ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❏❛❝♦❜✐ ❡♥ ♣❛rt❛♥t ❞❡ x(0) = (0, 0, 0, 0)t✳

P✉✐s ♠♦♥tr❡r q✉❡ x(k) = 2k−1
2k

x∗✱ ♦ù x∗ = (1, 1, 1, 1)t ❡st ❧❛ s♦❧✉t✐♦♥ ❡①❛❝t❡ ❞✉ s②stè♠❡ Ax = b✳

✸✳ ❊❝r✐r❡ ❧❡ s❝❤é♠❛ ✐tér❛t✐❢ ❛ss♦❝✐é à ❧❛ ♠ét❤♦❞❡ ❞❡ ●❛✉ss✲❙❡✐❞❡❧ ♣❡r♠❡tt❛♥t ❞❡ ❞♦♥♥❡r x(k+1)

❡♥ ❢♦♥❝t✐♦♥ ❞❡ x(k) ✭❖♥ ♣ré❝✐s❡r❛ ❧❛ ♠❛tr✐❝❡ BGS ❛✐♥s✐ q✉❡ ❧❡ ✈❡❝t❡✉r cGS✮✳ ▲❛ ♠ét❤♦❞❡ ❞❡
●❛✉ss✲❙❡✐❞❡❧ ❡st ❡❧❧❡ ❝♦♥✈❡r❣❡♥t❡ ♣♦✉r ❝❡ s②stè♠❡ ❄ ✭❏✉st✐✜❡r ✈♦tr❡ ré♣♦♥s❡✮✳

❊①❡r❝✐❝❡ ✼✳

✶✳ ❊t✉❞✐❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡s ♠ét❤♦❞❡s ❞❡ ❏❛❝♦❜✐ ❡t ❞❡ ●❛✉ss✲❙❡✐❞❡❧ ❛♣♣❧✐q✉é❡s ❛✉① ♠❛tr✐❝❡s

A1 =





1 2 −2
1 1 1
2 2 1



 ❡t A2 =





2 −1 1
2 2 2
−1 −1 2



 .

✷✳ ◗✉❡ ♣❡✉t✲♦♥ ❞é❞✉✐r❡ ❄

❊①❡r❝✐❝❡ ✽✳ ❙♦✐t a ∈ R ❡t

A =





1 a a

a 1 a

a a 1





✶✳ ▼♦♥tr❡r q✉❡ A ❡st s②♠étr✐q✉❡ ❞é✜♥✐❡ ♣♦s✐t✐✈❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ − 1
2 < a < 1.

✷✳ ▼♦♥tr❡r q✉❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❏❛❝♦❜✐ ❝♦♥✈❡r❣❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ − 1
2 < a < 1

2 .

✷



❙♦❧✉t✐♦♥ ✶✳

✶✳ ❊❧✐♠✐♥❛t✐♦♥ ❞❡ ●❛✉ss







x1 −3x2 −x3 = 2

−x1 +x2 +2x4 = 3

x2 −x3 = 1

2x1 +x2 −x4 = 0

⇔







x1 −3x2 −x3 = 2

−2x2 −x3 +2x4 = 5

x2 −x3 = 1

7x2 +2x3 −x4 = −4

⇔







x1 −3x2 −x3 = 2

−2x2 −x3 +2x4 = 5

− 3
2x3 +x4 = 7

2

− 3
2x3 +6x4 = 27

2

⇔







x1 −3x2 −x3 = 2

−2x2 −x3 +2x4 = 5

− 3
2x3 +x4 = 7

2

+5x4 = 10

⇔







x1 = 1

x2 = 0

x3 = −1

x4 = 2.

▼❛tr✐❝✐❡❧❧❡♠❡♥t✱ ♦♥ ❛







1 −3 −1 0 2
−1 1 0 2 3
0 1 −1 0 1
2 1 0 −1 0







⇔







1 −3 −1 0 2
0 −2 −1 2 5
0 1 −1 0 1
0 7 2 −1 −4







⇔







1 −3 −1 0 2
0 −2 −1 2 5
0 0 − 3

2 1 7
2

0 0 − 3
2 6 27

2







⇔







1 −3 −1 0 2
0 −2 −1 2 5
0 0 − 3

2 1 7
2

0 0 0 5 10







⇔







x1 −3x2 −x3 = 2

−2x2 −x3 +2x4 = 5

− 3
2x3 +x4 = 7

2

5x4 = 10

⇔







x1 = 1

x2 = 0

x3 = −1

x4 = 2.

✷✳ ❖✉✐✱ ❝❛r ♦♥ ❛ ❡✛❡❝t✉❡r ❧✬é❧✐♠✐♥❛t✐♦♥ ❞❡ ●❛✉ss s❛♥s ❛✉❝✉♥ ❝❤❛♥❣❡♠❡♥t ❞✉ ♣✐✈♦t✳

L =







1 0 0 0
−1 1 0 0
0 − 1

2 1 0

2 − 7
2 1 1







❡t U =







1 −3 −1 0
0 −2 −1 2
0 0 − 3

2 1
0 0 0 5







.

✸✳







2x1 +4x2 −4x3 +x4 = 0

3x1 +6x2 +x3 −2x4 = −7

−x1 +x2 +2x3 +3x4 = 4

x1 +x2 −4x3 +x4 = 2

⇔







3x1 +6x2 +x3 −2x4 = −7

2x1 +4x2 −4x3 +x4 = 0

−x1 +x2 +2x3 +3x4 = 4

x1 +x2 −4x3 +x4 = 2

✸



⇔







3x1 +6x2 +x3 −2x4 = −7

− 14
3 x3 + 7

3x4 = 14
3

3x2 + 7
3x3 + 7

3x4 = 5
3

−x2 − 13
3 x3 + 5

3x4 = 13
3

⇔







3x1 +6x2 +x3 −2x4 = −7

3x2 + 7
3x3 + 7

3x4 = 5
3

− 14
3 x3 + 7

3x4 = 14
3

−x2 − 13
3 x3 + 5

3x4 = 13
3

⇔







3x1 +6x2 +x3 −2x4 = −7

3x2 + 7
3x3 + 7

3x4 = 5
3

− 14
3 x3 + 7

3x4 = 14
3

− 32
9 x3 + 22

9 x4 = 44
9

⇔







3x1 +6x2 +x3 −2x4 = −7

3x2 + 7
3x3 + 7

3x4 = 5
3

− 14
3 x3 + 7

3x4 = 14
3

+ 2
3x4 = 4

3

⇔







x1 = 1

x2 = −1

x3 = 0

x4 = 2.

✹✳ ▲❛ ♠❛tr✐❝❡ ❛ss♦❝✐é❡ ❛✉ s②stè♠❡ ✭♥♦té❡ ♣❛r A✮ ♥✬❛❞♠❡t ♣❛s ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ LU ✭❝❛r✱ ♦♥ ❛
tr♦✉✈é ✉♥ ♣✐✈♦t ♥✉❧✱ ❧♦rs ❞❡ ❧❛ rés♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ●❛✉ss✮✳ ❈❡♣❡♥❞❛♥t✱
❝❡tt❡ ♠❛tr✐❝❡ ❛❞♠❡t ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ t②♣❡ PA = LU ✭❝❛r ❡❧❧❡ ❡st ✐♥✈❡rs✐❜❧❡✮✳

❙♦❧✉t✐♦♥ ✷✳

✶✳ ❙♦✐t

A =







−1 1 −3 0
1 1 3 8
−2 2 −5 −1
3 1 8 13







.

❙✐ A ❛❞♠❡t ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ LU ✱ ❛❧♦rs ❝❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❡st ❞♦♥♥é❡ ♣❛r ✿

A = LU, ❛✈❡❝ L = L−1
1 L−1

2 L−1
3 ❡t U = A(3).

❈❛❧❝✉❧♦♥s ❧❡s ♠❛tr✐❝❡s A(i) ❡t Li✳

A(0) = A =







−1 1 −3 0
1 1 3 8
−2 2 −5 −1
3 1 8 13







, L1 =







1 0 0 0
1 1 0 0
−2 0 1 0
3 0 0 1






⇒ L−1

1 =







1 0 0 0
−1 1 0 0
2 0 1 0
−3 0 0 1







.

A(1) = L1A
(0) =







−1 1 −3 0
0 2 0 8
0 0 1 −1
0 4 −1 13







, L2 =







1 0 0 0
0 1 0 0
0 0 1 0
0 −2 0 1






⇒ L−1

2 =







1 0 0 0
0 1 0 0
0 0 1 0
0 2 0 1







.

A(2) = L2A
(1) =







−1 1 −3 0
0 2 0 8
0 0 1 −1
0 0 −1 −3







, L3 =







1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 1






⇒ L−1

3 =







1 0 0 0
0 1 0 0
0 0 1 0
0 0 −1 1







.

A(3) = L3A
(2) =







−1 1 −3 0
0 2 0 8
0 0 1 −1
0 0 0 −4







.

✹



❋✐♥❛❧❡♠❡♥t✱ ❧❡s ❢❛❝t❡✉rs ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ A = LU s♦♥t ✿

U = A(3) =







−1 1 −3 0
0 2 0 8
0 0 1 −1
0 0 0 −4







❡t L = L−1
1 L−1

2 L−1
3 =







1 0 0 0
−1 1 0 0
2 0 1 0
−3 2 −1 1







.

❘❡♠❛rq✉❡ ✶✳ ❙✐ ❧❛ ♠❛tr✐❝❡ Lj✱ 1 ≤ j ≤ n− 1 ❡st ❞♦♥♥é❡ ♣❛r ✿

Lj =

❝♦❧♦♥♥❡ j

↓


























1 0 . . . 0 0 . . . 0
0 1 . . . 0 0 . . . 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 . . . 1 0 . . . 0 ← ❧✐❣♥❡ j

0 0 . . . ℓj+1,j 1 . . . 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 . . . ℓn,j 0 . . . 1

❆❧♦rs✱ ❧❛ ♠❛tr✐❝❡ ✐♥✈❡rs❡ L−1
j ❞❡ Lj ❡st ❞♦♥♥é❡ ♣❛r ✿

L−1
j =

❝♦❧♦♥♥❡ j

↓


























1 0 . . . 0 0 . . . 0
0 1 . . . 0 0 . . . 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 . . . 1 0 . . . 0 ← ❧✐❣♥❡ j

0 0 . . . −ℓj+1,j 1 . . . 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 . . . −ℓn,j 0 . . . 1

✷✳

Ax = b ⇔ LUx = b ⇔

{
Ly = b,

Ux = y.

❉✬✉♥❡ ♣❛rt✱

Ly = b ⇔







y1 = 0

−y1 +y2 = 2

2y1 +y3 = −1

−3y1 +2y2 −y3 +y4 = 5

⇔







y1 = 0

y2 = 2

y3 = −1

y4 = 0

❉✬❛✉tr❡ ♣❛rt✱

Ux = y ⇔







−x1 +x2 −3x3 = 0

2x2 +8x4 = 2

x3 −x4 = −1

−4x4 = 0

⇔







x1 = 4

x2 = 1

x3 = −1

x4 = 0

✺



✸✳ 1èr❡ ♠ét❤♦❞❡ ✿

A2x = b ⇔ (LU)2x = b ⇔ LULUx = b ⇔







Lt = b,

Lz = t,

Ly = z,

Ux = y.

2è♠❡ ♠ét❤♦❞❡ ✿

A2x = b ⇔ AAx = b ⇔

{
Ay = b, → ❞é❥❛ tr♦✉✈é❡
Ax = y.

❡t

Ax = y ⇔ LUx = y ⇔

{
Lz = y,

Ux = z.

❙♦❧✉t✐♦♥ ✸✳

✶✳ A = LU ✱ ❛✈❡❝ L = L−1
1 L−1

2 ❡t U = A(2)✳

A(0) = A =





2 1 3
−4 1 −4
−2 2 4



 , L1 =





1 0 0
2 1 0
1 0 1



⇒ L−1
1 =





1 0 0
−2 1 0
−1 0 1



 .

A(1) = L1A
(0) =





2 1 3
0 3 2
0 3 7



 , L2 =





1 0 0
0 1 0
0 −1 1



⇒ L−1
2 =





1 0 0
0 1 0
0 1 1



 .

A(2) = L2A
(1) =





2 1 3
0 3 2
0 0 5



 .

❖♥ ❡♥ ❞é❞✉✐t q✉❡ ✿

U = A(2) =





2 1 3
0 3 2
0 0 5



 ❡t L = L−1
1 L−1

2 =





1 0 0
−2 1 0
−1 1 1



 .

✷✳ ❛✳ ❙✐ A ❡st ❞é❝♦♠♣♦sé❡ ❡♥ LU ✭✐✳❡✳ A = LU ❛✈❡❝ L tr✐❛♥❣✉❧❛✐r❡ ✐♥❢ér✐❡✉r❡ ❡t U tr✐❛♥❣✉❧❛✐r❡
s✉♣ér✐❡✉r❡✮✳ ❆❧♦rs✱

det(A) = det(L) det(U)

=

(
n∏

i=1

ℓii

)(
n∏

i=1

uii

)

,

❝❛r L ❡t U s♦♥t ❞❡s ♠❛tr✐❝❡s tr✐❛♥❣✉❧❛✐r❡s✳
❜✳

det(A) = det(L) det(U)

=
(

1× 1× 1
)(

2× 3× 5
)

= 30.

✻



✸✳

Ax = b ⇔ LUx = b ⇔

{
Ly = b

Ux = y ✭❘és♦❧✉t✐♦♥ ❞❡ ❞❡✉① s②stè♠❡s tr✐❛♥❣✉❧❛✐r❡s✮.

❖♥ tr♦✉✈❡ ❝♦♠♠❡ s♦❧✉t✐♦♥ ✿ x = (− 2
5 ,

1
5 ,

1
5 )

T ✳

✹✳
B = UTALT = UTL

︸ ︷︷ ︸

L′

ULT

︸ ︷︷ ︸

U ′

= L′U ′.

❙♦❧✉t✐♦♥ ✹✳

❉❛♥s ❝❡t ❡①❡r❝✐❝❡✱ ♥♦✉s ❛❧❧♦♥s ✈♦✐r q✉❡✱ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ♠❛tr✐❝❡ s②♠étr✐q✉❡ ❞é✜♥✐❡ ♣♦s✐t✐✈❡ A✱ ✐❧ ❡①✐st❡
✉♥❡ ❢❛❝t♦r✐s❛t✐♦♥ ✭❞✐t❡ ❞❡ ❈❤♦❧❡s❦②✮ ♥❡ ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r q✉✬✉♥❡ s❡✉❧❡ ♠❛tr✐❝❡ B✳ ▲❛ ❢❛❝t♦r✐s❛t✐♦♥ ❞❡
❈❤♦❧❡s❦② ❡st ♣❛r❢♦✐s ❛♣♣❡❧é❡ ✧❢❛❝t♦r✐s❛t✐♦♥ LLT ✧✳ ◆♦✉s é✈✐t❡r♦♥s ❝❡tt❡ t❡r♠✐♥♦❧♦❣✐❡ ♣♦✉r é✈✐t❡r t♦✉t❡
❝♦♥❢✉s✐♦♥ ❛✈❡❝ ❧❛ ❢❛❝t♦r✐s❛t✐♦♥ LU ✳

❚❤é♦rè♠❡ ✶✳ ✭❉é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❈❤♦❧❡s❦②✮
P♦✉r t♦✉t❡ ♠❛tr✐❝❡ ré❡❧❧❡ A s②♠étr✐q✉❡ ❞é✜♥✐❡ ♣♦s✐t✐✈❡✱ ✐❧ ❡①✐st❡ ✉♥❡ ♠❛tr✐❝❡ tr✐❛♥❣✉❧❛✐r❡ ✐♥❢é✲
r✐❡✉r❡ B t❡❧❧❡ q✉❡

A = BBT .

❉❡ ♣❧✉s✱ ❝❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❡st ✉♥✐q✉❡ s✐ ❧❡s ❝♦❡✣❝✐❡♥ts ❞✐❛❣♦♥❛✉① ❞❡ B s♦♥t str✐❝t❡♠❡♥t ♣♦s✐t✐❢s✳

❘❛♣♣❡❧ ✶✳ ❙♦✐t A ✉♥❡ ♠❛tr✐❝❡ s②♠étr✐q✉❡ ré❡❧❧❡ ❞✬♦r❞r❡ n✳ ❊❧❧❡ ❡st ❞✐t❡ ❞é✜♥✐❡ ♣♦s✐t✐✈❡ s✐ ❡❧❧❡
✈ér✐✜❡ ❧✬✉♥❡ ❞❡s tr♦✐s ♣r♦♣r✐étés éq✉✐✈❛❧❡♥t❡s s✉✐✈❛♥t❡s ✿

✶✳ P♦✉r t♦✉t ✈❡❝t❡✉r ❝♦❧♦♥♥❡ ♥♦♥ ♥✉❧❧❡ x à n é❧é♠❡♥ts ré❡❧s✱ ♦♥ ❛

xTAx > 0 ✭❝✬❡st ❧❛ ❞é✜♥✐t✐♦♥✮.

✷✳ ❚♦✉t❡s ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ A ✭q✉✐ s♦♥t ♥é❝❡ss❛✐r❡♠❡♥t ré❡❧❧❡s✮ s♦♥t str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡s✳

✸✳ ▲❡s n ❞ét❡r♠✐♥❛♥ts ❞❡s s♦✉s ♠❛tr✐❝❡s ♣r✐♥❝✐♣❛❧❡s ❞❡ A s♦♥t t♦✉s str✐❝t❡♠❡♥t ♣♦s✐t✐❢s✱ ✐✳❡✳✱
s✐ det(Ak) > 0✱ ♣♦✉r k = 1, . . . , n ❡t ♦ù Ak = (aij)i,j=1,...,k ∈ R

k×k✳

❘❛♣♣❡❧ ✷✳ ❯♥❡ ♠❛tr✐❝❡ ❝❛rré❡ A ❡st ❞✐t❡ s②♠étr✐q✉❡ s✐ ❡❧❧❡ ✈ér✐✜❡ ✿ AT = A✳

▼❛✐♥t❡♥❛♥t✱ ♦♥ r❡✈✐❡♥t à ♥♦tr❡ ❡①❡r❝✐❝❡✳ ❙♦✐❡♥t

A =





16 8 4
8 40 20
4 20 35



 , b =





12
−12
−31



 .

⋄ ▲❛ ♠❛tr✐❝❡ A ét❛♥t s②♠étr✐q✉❡ ❞é✜♥✐❡ ♣♦s✐t✐✈❡✱ ✭A ❡st ❞é✜♥✐❡ ♣♦s✐t✐✈❡ ❝❛r det(A1) = 16 > 0✱

det(A2) =

∣
∣
∣
∣

16 8
8 40

∣
∣
∣
∣
= 576 > 0 ❡t det(A3) =

∣
∣
∣
∣
∣
∣

16 8 4
8 40 20
4 20 35

∣
∣
∣
∣
∣
∣

= 14400 > 0✮✳ ❊❧❧❡ ❛❞♠❡t ❞♦♥❝

✉♥❡ ❢❛❝t♦r✐s❛t✐♦♥ ❞❡ ❝❤♦❧❡s❦② s♦✉s ❧❛ ❢♦r♠❡ A = BBT ✱ ♦ù B ❡st ✉♥❡ ♠❛tr✐❝❡ tr✐❛♥❣✉❧❛✐r❡ ✐♥❢ér✐❡✉r❡
à ❝♦❡✣❝✐❡♥ts ❞✐❛❣♦♥❛✉① str✐❝t❡♠❡♥t ♣♦s✐t✐❢s✳

✼



P♦✉r ❞ét❡r♠✐♥❡r ❧❛ ♠❛tr✐❝❡ B✱ ♦♥ ❡✛❡❝t✉❡ ✉♥ ❝❛❧❝✉❧ ❞✐r❡❝t ❞✉ ♣r♦❞✉✐t BBT ❛✈❡❝ ✿

B =





α 0 0
β δ 0
γ λ µ



 .

❖♥ ♦❜t✐❡♥t✱

A = BBT ⇔





α2 αβ αγ

αβ β2 + δ2 βγ + δλ

αγ βγ + δλ γ2 + λ2 + µ2



 =





16 8 4
8 40 20
4 20 35





⇔







α2 = 16
αβ = 8
αγ = 4
β2 + δ2 = 40
βγ + δλ = 20
γ2 + λ2 + µ2 = 35

⇒







α = 4
β = 2
γ = 1
δ = 6
λ = 3
µ = 5.

❆✐♥s✐✱

B =





4 0 0
2 6 0
1 3 5



 .

⋄ ▲✬✉♥ ❞❡s ✐♥térêts ❞❡ ❧❛ ❢❛❝t♦r✐s❛t✐♦♥ ❞❡ ❈❤♦❧❡s❦② rés✐❞❡ ❞❛♥s ❧❛ rés♦❧✉t✐♦♥ ❞❡ s②stè♠❡s ❧✐♥é❛✐r❡s✳
P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❛ rés♦❧✉t✐♦♥ ❞❡ Ax = b ❞✬✐♥❝♦♥♥✉❡ x s❡ r❛♠è♥❡ à ❧❛ rés♦❧✉t✐♦♥ ❞❡ ❞❡✉① s②stè♠❡s
tr✐❛♥❣✉❧❛✐r❡s✳ ❊♥ ❡✛❡t ✿

Ax = b ⇔ BBTx = b ⇔

{
By = b

BTx = y.

❚♦✉t ❞✬❛❜♦r❞✱ ♦♥ ❞ét❡r♠✐♥❡ ❧✬✉♥✐q✉❡ y = (y1, y2, y3)
T t❡❧ q✉❡ ✿

By = b ⇔







4y1 = 12

2y1 +6y2 = −12

y1 +3y2 +5y3 = −31

⇔







y1 = 3
y2 = −3
y3 = −5.

❆♣rès✱ ❖♥ ❝❤❡r❝❤❡ ❧✬✉♥✐q✉❡ x = (x1, x2, x3)
T t❡❧ q✉❡ ✿

BTx = y ⇔







4x1 +2x2 +x3 = 3

6x2 +3x3 = −3

5x3 = −5

⇔







x1 = 1
x2 = 0
x3 = −1.

❖♥ ❛ ❛❧♦rs Ax = BBTx = By = b✱ ✐✳❡✳✱ x =





1
0
−1



 ❡st ❜✐❡♥ ❧❛ s♦❧✉t✐♦♥ r❡❝❤❡r❝❤é❡✳

✽



❙♦❧✉t✐♦♥ ✺✳

⋄ ❖♥ ♣♦s❡

A(0) = A =







2 1 0 1
4 3 2 4
0 1 5 2
6 3 6 8







❡t b(0) = b =







4
12
4
22







.

P♦✉r s✐♠♣❧✐✜❡r✱ ♦♥ ♠❡t t♦✉t ❞✬❛❜♦r❞ ♥♦tr❡ s②stè♠❡ ❧✐♥é❛✐r❡ s♦✉s ❢♦r♠❡ ❞✬✉♥ t❛❜❧❡❛✉ ✿

(
A(0) | b(0)

)
=







2 1 0 1 4
4 3 2 4 12
0 1 5 2 4

✻ 3 6 8 22







.

❆♣rès✱ ♦♥ ❝♦♠♠❡♥❝❡ ♣❛r ❧❛ r❡❝❤❡r❝❤❡ ❞❡ ♣✐✈♦t ♠❛①✐♠❛❧ ❞❛♥s ❧❛ ♣r❡♠✐èr❡ ❝♦❧♦♥♥❡ ❞❡ A(0)✳ ❈♦♠♠❡
❝❡ ♣✐✈♦t s❡ tr♦✉✈❡ ❡♥ q✉❛tr✐è♠❡ ❧✐❣♥❡ ✭♣❧✉s ♣ré❝✐sé♠❡♥t ❧❡ ♣✐✈♦t ❡st é❣❛❧ à 6✮✱ ♦♥ é❝❤❛♥❣❡ ❧❡s ❧✐❣♥❡s
1 ❡t 4 ❞❡ A(0)✱ ❝✬❡st✲à✲❞✐r❡ s✐ P1 ❡st ❧❛ ♠❛tr✐❝❡ ❞❡ ♣❡r♠✉t❛t✐♦♥ q✉✐ é❝❤❛♥❣❡ ❧❛ ♣r❡♠✐èr❡ ❧✐❣♥❡ ❡t ❧❛
q✉❛tr✐è♠❡ ❧✐❣♥❡✱ ✐✳❡✳

P1 =







0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0







,

♦♥ ❝❛❧❝✉❧❡ Ã(0) = P1A
(0) ❡t b̃(0) = P1b

(0)✱ ♦♥ tr♦✉✈❡

(
Ã(0) | b̃(0)

)
=







6 3 6 8 22
4 3 2 4 12
0 1 5 2 4
2 1 0 1 4







.

❊♥s✉✐t❡✱ ♦♥ ❡✛❡❝t✉❡ ❧❛ ♣r❡♠✐èr❡ ét❛♣❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ●❛✉ss s✉r ❧❛ ♠❛tr✐❝❡ Ã(0) ❡t ❧❡ ✈❡❝t❡✉r
b̃(0) ✿

ℓ2 ← ℓ2 −
4

6
ℓ1 = ℓ2 −

2
3 ℓ1,

ℓ3 ← ℓ3 − 0ℓ1 = ℓ3 − ✵ ℓ1, ⇒ L1 =









1 0 0 0

− 2
3 1 0 0

✵ 0 1 0

− 1
3 0 0 1









.

ℓ4 ← ℓ4 −
2

6
ℓ1 = ℓ4 −

1
3

↓
❢♦r♠❡♥t

❧❛ ✶èr❡

❝♦❧♦♥♥❡

❞❡ L

ℓ1.

P❛r ❝❡ ❝❛❧❝✉❧✱ ♦♥ ❞ét❡r♠✐♥❡ à ❧❛ ❢♦✐s L1✱ A
(1) ❡t b(1)✱ ♦ù

(
A(1) | b(1)

)
=
(
L1Ã

(0) | L1b̃
(0)
)
=







6 3 6 8 22

0 ✶ −2 − 4
3 − 8

3
0 1 5 2 4
0 0 −2 − 5

3 − 10
3







.

❈❡❝✐ ❝♦rr❡s♣♦♥❞ à ❧❛ ♣r❡♠✐èr❡ ét❛♣❡ ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ PA = LU ✳

✾



❉❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡✱ ❞❛♥s ❧❛ ❞❡✉①✐è♠❡ ét❛♣❡✱ ❡♥ ♠✉❧t✐♣❧✐❛♥t A(1) ❡t b(1) à ❣❛✉❝❤❡ ♣❛r ❧❛ ♠❛tr✐❝❡
❞❡ ♣❡r♠✉t❛t✐♦♥ P2 = I4✱ ❝❛r ✐❧ ♥✬② ❛ ♣❛s ❞❡ ♣❡r♠✉t❛t✐♦♥ ❞❡ ❧✐❣♥❡s à ❢❛✐r❡✳ ❖♥ ♦❜t✐❡♥t✱

Ã(1) = P2A
(1) = A(1) ❡t b̃(1) = P2b

(1) = b(1).

P✉✐s✱ ♦♥ ❡✛❡❝t✉❡ ❧❛ ❞❡✉①✐è♠❡ ét❛♣❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ●❛✉ss s✉r ❧❛ ♠❛tr✐❝❡ Ã(1) ❡t ❧❡ ✈❡❝t❡✉r b̃(1)✱
❝✬❡st✲à✲❞✐r❡ ♦♥ ❞ét❡r♠✐♥❡ L2✱ A

(2) ❡t b(2) ✿

ℓ3 ← ℓ3 − 1 ℓ2,
⇒ L2 =







1 0 0 0
0 1 0 0

0 − 1 1 0

0 0 0 1







.
ℓ4 ← ℓ4 − 0

↓
❢♦r♠❡♥t

❧❛ ✷è♠❡

❝♦❧♦♥♥❡

❞❡ L

ℓ2.

❊t✱

(
A(2) | b(2)

)
=
(
L2Ã

(1) | L2b̃
(1)
)
=







6 3 6 8 22
0 1 −2 − 4

3 − 8
3

0 0 ✼ 10
3

20
3

0 0 −2 − 5
3 − 10

3







.

❈❡❝✐ ❝♦rr❡s♣♦♥❞ à ❧❛ ❞❡✉①✐è♠❡ ét❛♣❡ ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ PA = LU ✳
❉❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥✱ ♦♥ tr♦✉✈❡ q✉❡ P3 = I4 ✭I4 ❡st ❧❛ ♠❛tr✐❝❡ ✐❞❡♥t✐té ❞✬♦r❞r❡ 4✮✱ ❝❛r ✐❧ ♥✬② ❛ ♣❛s ❞❡
♣❡r♠✉t❛t✐♦♥ ✦ P❛r s✉✐t❡✱

Ã(2) = P3A
(2) = A(2) ❡t b̃(2) = P3b

(2) = b(2).

❆♣rès✱ ♦♥ ❡✛❡❝t✉❡ ❧❛ tr♦✐s✐è♠❡ ét❛♣❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ●❛✉ss✱ ♦♥ ♦❜t✐❡♥t

ℓ4 ← ℓ4 +
2
7

↓
❢♦r♠❡

❧❛ ✸è♠❡

❝♦❧♦♥♥❡

❞❡ L

ℓ3 ⇒ L3 =








1 0 0 0
0 1 0 0
0 0 1 0

0 0 2
7 1








.

❊t✱

(
A(3) | b(3)

)
=
(
L3Ã

(2) | L3b̃
(2)
)
=







6 3 6 8 22
0 1 −2 − 4

3 − 8
3

0 0 7 10
3

20
3

0 0 0 − 5
7 − 10

7







.

❋✐♥❛❧❡♠❡♥t✱ ♦♥ ❛ ♦❜t❡♥✉ ❧❛ ❢❛❝t♦r✐s❛t✐♦♥ r❡❝❤❡r❝❤é❡ PA = LU ✱ ♦ù

P = P3P2P1 = P1 =







0 0 0 1
0 1 0 0

0 0 1 0

1 0 0 0







,

L =







1 0 0 0
2
3 1 0 0

0 1 1 0
1
3 0 − 2

7 1







❡t U =







6 3 6 8
0 1 −2 − 4

3

0 0 7 10
3

0 0 0 − 5
7







.

✶✵



⋄ ◆♦✉s r❡✈❡♥♦♥s ♠❛✐♥t❡♥❛♥t à ❧❛ rés♦❧✉t✐♦♥ ❞✉ s②stè♠❡ ❧✐♥é❛✐r❡ Ax = b✳ ▲❡ ❞❡r♥✐❡r t❛❜❧❡❛✉ ✐♠♣❧✐q✉❡
q✉❡ ✿

Ax = b ⇔







6x1 +3x2 +6x3 +8x4 = 22

x2 −2x3 − 4
3x4 = − 8

3

7x3 + 10
3 x4 = 20

3

− 5
7x4 = − 10

7 .

P❛r ❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ r❡♠♦♥té❡ ❛✉ s②stè♠❡ tr✐❛♥❣✉❧❛✐r❡ ❝✐✲❞❡ss✉s✱ ♦♥ ♦❜t✐❡♥t ✿

x = (1, 0, 0, 2)T .

❙♦❧✉t✐♦♥ ✻✳ ❙♦✐❡♥t

A =








1 0 − 1
4 − 1

4

0 1 − 1
4 − 1

4

− 1
4 − 1

4 1 0

− 1
4 − 1

4 0 1








, x =








x1

x2

x3

x4








❡t b =








1
2
1
2
1
2
1
2








.

✶✳ ▲❡ s②stè♠❡ ❧✐♥é❛✐r❡ Ax = b s✬é❝r✐t ✿

(∗) :







x1 − 1
4x3 − 1

4x4 = 1
2

x2 − 1
4x3 − 1

4x4 = 1
2

− 1
4x1 − 1

4x2 +x3 = 1
2

− 1
4x1 − 1

4x2 +x4 = 1
2 ,

❞✬♦ù ❧❡ s❝❤é♠❛ ✐tér❛t✐❢ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❏❛❝♦❜✐ s✬é❝r✐t ✿






x
(k+1)
1 − 1

4x
(k)
3 − 1

4x
(k)
4 = 1

2

x
(k+1)
2 − 1

4x
(k)
3 − 1

4x
(k)
4 = 1

2

− 1
4x

(k)
1 − 1

4x
(k)
2 +x

(k+1)
3 = 1

2

− 1
4x

(k)
1 − 1

4x
(k)
2 +x

(k+1)
4 = 1

2 ,

⇔







x
(k+1)
1 = 1

2 + 1
4x

(k)
3 + 1

4x
(k)
4

x
(k+1)
2 = 1

2 + 1
4x

(k)
3 + 1

4x
(k)
4

x
(k+1)
3 = 1

2 + 1
4x

(k)
1 + 1

4x
(k)
2

x
(k+1)
4 = 1

2 + 1
4x

(k)
1 + 1

4x
(k)
2 ,

❝✲à✲❞ x(k+1) = BJx
(k) + cJ ❛✈❡❝

BJ =








0 0 1
4

1
4

0 0 1
4

1
4

1
4

1
4 0 0

1
4

1
4 0 0








, x(k) =









x
(k)
1

x
(k)
2

x
(k)
3

x
(k)
4









❡t cJ =








1
2
1
2
1
2
1
2








.

✶✶



▼♦♥tr♦♥s ❞❡ ❞❡✉① ❢❛ç♦♥s ❞✐✛ér❡♥t❡s q✉❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❏❛❝♦❜✐ ❡st ❝♦♥✈❡r❣❡♥t❡ ♣♦✉r ❧❡ s②stè♠❡
Ax = b✳

1èr❡ ♠ét❤♦❞❡ ✿ ❈♦♠♠❡ A ❡st ✉♥❡ ♠❛tr✐❝❡ à ❞✐❛❣♦♥❛❧❡ str✐❝t❡♠❡♥t ❞♦♠✐♥❛♥t❡ ❛❧♦rs A ❡st ✐♥✲
✈❡rs✐❜❧❡✳ ❉❡ ♣❧✉s✱ ❧❛ ♠ét❤♦❞❡ ❞❡ ❏❛❝♦❜✐ ❛♣♣❧✐q✉é❡ à A ❡st ❝♦♥✈❡r❣❡♥t❡✳

2è♠❡ ♠ét❤♦❞❡ ✿ ❖♥ ❞♦✐t ✈ér✐✜❡r q✉❡ ρ(BJ) < 1✳
P♦✉r ❝❡❧❛✱ ♦♥ ❞♦✐t ❝❛❧❝✉❧❡r ❧❡ ♣♦❧②♥ô♠❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ BJ ♣♦✉r ❞ét❡r♠✐♥❡r ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s
❞❡ BJ ✳

det(BJ − λI4) =

∣
∣
∣
∣
∣
∣
∣
∣
∣

−λ 0 1
4

1
4

0 −λ 1
4

1
4

1
4

1
4 −λ 0

1
4

1
4 0 −λ

∣
∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣
∣

1
2 − λ 0 1

4
1
4

1
2 − λ −λ 1

4
1
4

1
2 − λ 1

4 −λ 0
1
2 − λ 1

4 0 −λ

∣
∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣
∣

1
2 − λ 0 1

4
1
4

0 −λ 0 0

0 1
4 − 1

4 − λ − 1
4

0 1
4 − 1

4 − 1
4 − λ

∣
∣
∣
∣
∣
∣
∣
∣
∣

= (
1

2
− λ)

∣
∣
∣
∣
∣
∣
∣

−λ 0 0
1
4 − 1

4 − λ − 1
4

1
4 − 1

4 − 1
4 − λ

∣
∣
∣
∣
∣
∣
∣

= −λ(
1

2
− λ)

∣
∣
∣
∣

− 1
4 − λ − 1

4

− 1
4 − 1

4 − λ

∣
∣
∣
∣
= −λ(

1

2
− λ)

(
(
1

4
+ λ)2 −

1

16

)

= λ(λ−
1

2
)
(
λ2 + 2

1

4
λ+

1

16
−

1

16

)
= λ2(λ−

1

2
)(λ+

1

2
).

❉✬♦ù✱ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ BJ s♦♥t ✿
λ1 = 0 ✭✈❛❧❡✉r ♣r♦♣r❡ ❞♦✉❜❧❡✮✱ λ2 = − 1

2 ❡t λ3 = 1
2 ✭✈❛❧❡✉rs ♣r♦♣r❡s s✐♠♣❧❡s✮✳

❆✐♥s✐✱ ρ(BJ) =
1
2 < 1✳ ❉♦♥❝✱ ❧❛ ♠ét❤♦❞❡ ❞❡ ❏❛❝♦❜✐ ❝♦♥✈❡r❣❡✳

✷✳ ❊♥ ♣❛rt❛♥t ❞❡ x(0) = (0, 0, 0, 0)T ✱ ♦♥ tr♦✉✈❡ q✉❡

x(1) = (
1

2
,
1

2
,
1

2
,
1

2
)T =

1

2
(1, 1, 1, 1)T ,

x(2) = (
3

4
,
3

4
,
3

4
,
3

4
)T =

3

4
(1, 1, 1, 1)T ,

x(3) = (
7

8
,
7

8
,
7

8
,
7

8
)T =

7

8
(1, 1, 1, 1)T ,

x(4) = (
15

16
,
15

16
,
15

16
,
15

16
)T =

15

16
(1, 1, 1, 1)T .

P❛r ré❝✉rr❡♥❝❡✱ ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ x(k) = 2k−1
2k

x∗✳

✶✷



❊♥ ❡✛❡t✱ ❧❛ r❡❧❛t✐♦♥ ❡st ✈r❛✐❡ à ❧✬♦r❞r❡ k = 1✳ ❙✐ ♦♥ s✉♣♣♦s❡ q✉❡ ❝✬❡st ✈r❛✐ à ❧✬♦r❞r❡ k✱ ❛❧♦rs

x(k+1) = BJx
(k) + cJ

=
2k − 1

2k








0 0 1
4

1
4

0 0 1
4

1
4

1
4

1
4 0 0

1
4

1
4 0 0















1

1

1

1








+








1
2
1
2
1
2
1
2








=
(2k − 1

2k
+

1

2

)







1
1
1
1







=
2k+1 − 1

2k+1
x∗. ❈✳◗✳❋✳❉✳

✸✳ ❚♦✉t ❞✬❛❜♦r❞✱ ❧❛ ♠ét❤♦❞❡ ❞❡ ●❛✉ss✲❙❡✐❞❡❧ ❡st ❝♦♥✈❡r❣❡♥t❡✱ ❝❛r A ❡st à ❞✐❛❣♦♥❛❧❡ str✐❝t❡♠❡♥t
❞♦♠✐♥❛♥t❡✳
(∗) ⇒ q✉❡ ❧❡ s❝❤é♠❛ ✐tér❛t✐❢ ❞❡ ●❛✉ss✲❙❡✐❞❡❧ s✬é❝r✐t ✿







x
(k+1)
1 − 1

4x
(k)
3 − 1

4x
(k)
4 = 1

2

x
(k+1)
2 − 1

4x
(k)
3 − 1

4x
(k)
4 = 1

2

− 1
4x

(k+1)
1 − 1

4x
(k+1)
2 +x

(k+1)
3 = 1

2

− 1
4x

(k+1)
1 − 1

4x
(k+1)
2 +x

(k+1)
4 = 1

2 ,

⇔







x
(k+1)
1 = 1

2 + 1
4x

(k)
3 + 1

4x
(k)
4

x
(k+1)
2 = 1

2 + 1
4x

(k)
3 + 1

4x
(k)
4

x
(k+1)
3 = 1

2 + 1
4x

(k+1)
1 + 1

4x
(k+1)
2 = 3

4 + 1
8x

(k)
3 + 1

8x
(k)
4

x
(k+1)
4 = 1

2 + 1
4x

(k+1)
1 + 1

4x
(k+1)
2 = 3

4 + 1
8x

(k)
3 + 1

8x
(k)
4 ,

❝✲à✲❞ x(k+1) = BGSx
(k) + cGS ❛✈❡❝

BGS =








0 0 1
4

1
4

0 0 1
4

1
4

0 0 1
8

1
8

0 0 1
8

1
8








, x(k) =









x
(k)
1

x
(k)
2

x
(k)
3

x
(k)
4









❡t cGS =








1
2
1
2
3
4
3
4








.

❉❛♥s ❝❡ ❝❛s✱ ❧❡s ♣r❡♠✐èr❡s ✐tér❛t✐♦♥s s♦♥t ✿

x(1) = (
1

2
,
1

2
,
3

4
,
3

4
)T , x(2) = (

7

8
,
7

8
,
15

16
,
15

16
)T , x(3) = (

31

32
,
31

32
,
63

64
,
63

64
)T

❡t ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ x(k) = 22k−1−1
22k−1 e1+

22k−1
22k

e2 ❛✈❡❝ e1 = (1, 1, 0, 0)T ❡t e2 = (0, 0, 1, 1)T ✳
❖♥ r❡♠❛rq✉❡ ❛✉ss✐ q✉❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ●❛✉ss✲❙❡✐❞❡❧ ❝♦♥✈❡r❣❡ ♣❧✉s ✈✐t❡ q✉❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❏❛❝♦❜✐
✭❡♥ ❢❛✐t ❞❡✉① ❢♦✐s ♣❧✉s ✈✐t❡✮✳

✶✸



❙✐ ♦♥ ✈❡✉t ❞ét❡r♠✐❡r ❧❡ ♣♦❧②♥ô♠❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ BGS ✱ ♦♥ ♣r♦❝è❞❡ ❛✐♥s✐ ✿

det(BGS − λI4) =

∣
∣
∣
∣
∣
∣
∣
∣
∣

−λ 0 1
4

1
4

0 −λ 1
4

1
4

0 0 1
8 − λ 1

8

0 0 1
8

1
8 − λ

∣
∣
∣
∣
∣
∣
∣
∣
∣

= −λ3(
1

4
− λ) = λ3(λ−

1

4
) ⇒ ρ(BGS) =

1

4
< 1.

❉♦♥❝ ❧❛ ♠ét❤♦❞❡ ❞❡ ●❛✉ss✲❙❡✐❞❡❧ ❛♣♣❧✐q✉é❡ à A ❡st ❝♦♥✈❡r❣❡♥t❡ ∀x(0)✳

❙♦❧✉t✐♦♥ ✼✳

✶✳ ❙♦✐t

A1 =





1 2 −2
1 1 1
2 2 1





⋄ ▲❡ s❝❤é♠❛ ✐tér❛t✐❢ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❏❛❝♦❜✐ ❛♣♣❧✐q✉é❡ à A1 ❡st t❡❧ q✉❡






x
(k+1)
1 +2x

(k)
2 −2x

(k)
3 = b1

x
(k)
1 +x

(k+1)
2 +x

(k)
3 = b2

2x
(k)
1 +2x

(k)
2 +x

(k+1)
3 = b3,

⇔







x
(k+1)
1 = b1 −2x

(k)
2 +2x

(k)
3

x
(k+1)
2 = b2 −x

(k)
1 −x

(k)
3

x
(k+1)
3 = b3 −2x

(k)
1 −2x

(k)
2 ,

❝❡ q✉✐ ❢❛✐t q✉❡ BJ =





0 −2 2
−1 0 −1
−2 −2 0



 . ❆✐♥s✐✱

det(BJ − λI3) =

∣
∣
∣
∣
∣
∣

−λ −2 2
−1 −λ −1
−2 −2 −λ

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

−λ λ− 2 2
−1 −λ+ 1 −1
−2 0 −λ

∣
∣
∣
∣
∣
∣

= −2

∣
∣
∣
∣

λ− 2 2
−λ+ 1 −1

∣
∣
∣
∣
− λ

∣
∣
∣
∣

−λ λ− 2
−1 −λ+ 1

∣
∣
∣
∣

= −2
(
− (λ− 2)− 2(−λ+ 1)

)
− λ

(
− λ(−λ+ 1) + (λ− 2)

)

= −2
(
− λ+ 2 + 2λ− 2

)
− λ

(
λ2 − λ+ λ− 2

)

= −2λ− λ
(
λ2 − 2

)
= −λ3.

❉♦♥❝✱ 0 ❡st ✉♥❡ ✈❛❧❡✉r ♣r♦♣r❡ tr✐♣❧❡ ❞❡ BJ ❡t ♣❛r s✉✐t❡ ρ(BJ) = 0 < 1✳ ❆✐♥s✐✱ ❧❛ ♠ét❤♦❞❡ ❞❡
❏❛❝♦❜✐ ❡st ❝♦♥✈❡r❣❡♥t❡ ♣♦✉r A1✱ ∀x

(0)✳

⋄ ▲❡ s❝❤é♠❛ ✐tér❛t✐❢ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ●❛✉ss✲❙❡✐❞❡❧ ❛♣♣❧✐q✉é❡ à A1 ❡st t❡❧ q✉❡






x
(k+1)
1 +2x

(k)
2 −2x

(k)
3 = b1

x
(k+1)
1 +x

(k+1)
2 +x

(k)
3 = b2

2x
(k+1)
1 +2x

(k+1)
2 +x

(k+1)
3 = b3,

⇔







x
(k+1)
1 = b1 −2x

(k)
2 +2x

(k)
3

x
(k+1)
2 = b2 −x

(k+1)
1 −x

(k)
3

x
(k+1)
3 = b3 −2x

(k+1)
1 −2x

(k+1)
2 ,

⇔







x
(k+1)
1 = b1 −2x

(k)
2 +2x

(k)
3

x
(k+1)
2 = c2 +2x

(k)
2 −3x

(k)
3

x
(k+1)
3 = c3 +2x

(k)
3 ,

⇒ BGS =





0 −2 2
0 2 −3
0 0 2



 .

✶✹



P❛r s✉✐t❡✱

det(BGS − λI3) =

∣
∣
∣
∣
∣
∣

−λ −2 2
0 2− λ −3
0 0 2− λ

∣
∣
∣
∣
∣
∣

= −λ(λ− 2)2.

❆✐♥s✐✱ ρ(BGS) = 2 > 1 ❡t ❞♦♥❝ ❧❛ ♠ét❤♦❞❡ ❞❡ ●❛✉ss✲❙❡✐❞❡❧ ♥✬❡st ♣❛s ❝♦♥✈❡r❣❡♥t❡ s✬❡❧❧❡ ❡st
❛♣♣❧✐q✉é❡ à ❧❛ ♠❛tr✐❝❡ A1✳

⋄ P♦✉r ❧❛ ♠❛tr✐❝❡ A2✱ ❡♥ ❢❛✐s❛♥t ✉♥❡ ❞é♠❛r❝❤❡ s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ❛♣♣❧✐q✉é❡ à A1✱ ♦♥ tr♦✉✈❡

BJ =





0 1
2 − 1

2
−1 0 −1
1
2

1
2 0



 .

❊t ♦♥ ❛

det(BJ − λI3) =

∣
∣
∣
∣
∣
∣

−λ 1
2 − 1

2
−1 −λ −1
1
2

1
2 −λ

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

−λ 1
2 0

−1 −λ −λ− 1
1
2

1
2 −λ+ 1

2

∣
∣
∣
∣
∣
∣

= (λ+ 1)

∣
∣
∣
∣

−λ 1
2

1
2

1
2

∣
∣
∣
∣
− (λ−

1

2
)

∣
∣
∣
∣

−λ 1
2

−1 −λ

∣
∣
∣
∣

= (λ+ 1)
(
−

1

2
λ−

1

4

)
− (λ−

1

2
)
(
λ2 +

1

2

)
= −λ(λ2 +

5

4
).

❆✐♥s✐✱ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ BJ s♦♥t ✿ λ1 = 0✱ λ2 = −
√
5
2 ❡t λ3 =

√
5
2 ✳ ❉♦ù✱ ρ(BJ) =

√
5
2 > 1

❡t ❞♦♥❝ ❧❛ ♠ét❤♦❞❡ ❞❡ ❏❛❝♦❜✐ ❞✐✈❡r❣❡✳

⋄ ❉❡ ♠ê♠❡✱ ♦♥ tr♦✉✈❡

BGS =





0 − 1
2 − 1

2
0 1

2
1
2

0 0 1
2





❡t det(BGS − λI3) = . . . = −λ(λ− 1
2 )

2✳ ❆✐♥s✐✱ ❧❡s ✈♣s ❞❡ BGS s♦♥t ✿ λ1 = 0✱ λ2 = λ3 = 1
2 ✳

❉✬♦ù ρ(BGS) =
1
2 < 1 ❡t ❧❛ ♠ét❤♦❞❡ ❞❡ ●❛✉ss✲❙❡✐❞❡❧ ❝♦♥✈❡r❣❡✳

✷✳ ❖♥ ❞é❞✉✐t q✉❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ●❛✉ss✲❙❡✐❞❡❧ ♥✬✐♠♣❧✐q✉❡ ♣❛s ❝❡❧❧❡ ❞❡ ❏❛❝♦❜✐
❡t ✈❡❝❡ ✈❡rs❛✳ ❈❡♣❡♥❞❛♥t✱ ❞❛♥s ❧❡ ❝❛s ♦ù ♦♥ ❛ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡s ❞❡✉① ♠ét❤♦❞❡s à ♣r✐♦r✐ ❧❛
♠ét❤♦❞❡ ❞❡ ●❛✉ss✲❙❡✐❞❡❧ ❡st ❧❛ ♣❧✉s r❛♣✐❞❡✳

❙♦❧✉t✐♦♥ ✽✳

✶✳ ❙♦✐t a ∈ R✱ ♦♥ ❛ AT =





1 a a

a 1 a

a a 1



 = A ⇒ A ❡st s②♠étr✐q✉❡✳ P❛r ❛✐❧❧❡✉rs✱ ❧❡ ♣♦❧②♥ô♠❡

❝❛r❛❝tér✐st✐q✉❡ ❞❡ A ❡st ❞♦♥♥é ♣❛r ✿

PA(λ) = det(A− λI3) =

∣
∣
∣
∣
∣
∣

1− λ a a

a 1− λ a

a a 1− λ

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

2a+ 1− λ a a

2a+ 1− λ 1− λ a

2a+ 1− λ a 1− λ

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

2a+ 1− λ a a

0 1− a− λ 0
0 0 1− a− λ

∣
∣
∣
∣
∣
∣

=
(

(2a+ 1)− λ
)(

(1− a)− λ
)2

.

✶✺



❆✐♥s✐✱ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ A s♦♥t ✿

λ1 = 2a+ 1 ✭✈❛❧❡✉r ♣r♦♣r❡ s✐♠♣❧❡✮

λ2 = 1− a ✭✈❛❧❡✉r ♣r♦♣r❡ ❞♦✉❜❧❡✮

❘❛♣♣❡❧ ✸✳ A ❡st ❞é✜♥✐❡ ♣♦s✐t✐✈❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ t♦✉t❡s s❡s ✈❛❧❡✉rs ♣r♦♣r❡s s♦♥t s♦♥t
str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡s✳

❖r✱ {

λ1 > 0

λ2 > 0
⇔

{

2a+ 1 > 0

1− a > 0
⇔

{

a > − 1
2

1 > a.

❉✬♦ù A ❡st s②♠étr✐q✉❡ ❞é✜♥✐❡ ♣♦s✐t✐✈❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ − 1
2 < a < 1✳

✷✳ ❉ét❡r♠✐♥♦♥s ❧❛ ♠❛tr✐❝❡ ❞❡ ❏❛❝♦❜✐ BJ ✳ ■❧ ❡st ❢❛❝✐❧❡ ❞❡ ✈♦✐r q✉❡

BJ =





0 −a −a
−a 0 −a
−a −a 0



 .

❉✬♦ù

PBJ
(λ) =

∣
∣
∣
∣
∣
∣

−λ −a −a
−a −λ −a
−a −a −λ

∣
∣
∣
∣
∣
∣

= −

∣
∣
∣
∣
∣
∣

λ a a

a λ a

a a λ

∣
∣
∣
∣
∣
∣

= −

∣
∣
∣
∣
∣
∣

λ+ 2a a a

λ+ 2a λ a

λ+ 2a a λ

∣
∣
∣
∣
∣
∣

= −

∣
∣
∣
∣
∣
∣

λ+ 2a a a

0 λ− a 0
0 0 λ− a

∣
∣
∣
∣
∣
∣

= −
(
λ+ 2a

)(
λ− a

)2
.

⇒ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ BJ s♦♥t ✿

λ1 = −2a ✭✈❛❧❡✉r ♣r♦♣r❡ s✐♠♣❧❡✮

λ2 = a ✭✈❛❧❡✉r ♣r♦♣r❡ ❞♦✉❜❧❡✮

❆✐♥s✐ ρ(BJ) = |2a|✱ ♣❛r ❝♦♥séq✉❡♥❝❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❏❛❝♦❜✐ ❝♦♥✈❡r❣❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ |2a| < 1✱
✐✳❡✳✱ s✐ − 1

2 < a < 1
2 ✳

✶✻


